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A theoretical model has been developed to study the optical properties of metallic multishell structures on
the nanometer scale. The Mie theory was generalized for multiconcentric spherical shell nanostructures and
employed to determine the effects and importance of the different parameters of the system such as thickness,
size, and other material properties, for instance, the medium index of refraction. A unique hollow gold-silver
double-shell structure is used as an example to test the model developed with recent experiments. The surface
plasmon resonance (SPR) absorption spectrum of this structure has been calculated as a function of various
parameters, including shell thickness and diameter. Using parameters similar to those previously reported
experimentally, very good agreement has been found between calculated and experimentally measured SPR
spectra, which validates the model. The results provide new insights into the fundamental properties of complex
metal nanostructures that give us the ability to control the optical response, which has important implications
in the synthesis of new metal nanostructures as well as their application in emerging technologies.

Introduction

Metal nanostructures exhibit a wide variety of interesting
physical and chemical properties, which can be tailored by
altering their size, morphology, composition, and environment.1

The knowledge of and relationship among these parameters are
relevant to the systematic synthesis of metal nanostructures with
uniform and reliable properties and functionalities.2 Theoretical
and simulational studies play a major role in the explanation
and prediction of novel nanostructures and are complementary
to experimental studies.3,4 One of the most fascinating aspects
of nanosized metal structures is their optical property that finds
various technological applications such as surface plasmon
resonance detection and imaging,5-9 surface-enhanced Raman
scattering (SERS),10-14 and biomedical imaging and therapy.15,16

The optical response of nanoparticles such as gold and silver
exhibits strong absorption in the visible region of the spectrum
and is mainly determined by their surface plasmon resonances
(SPRs). The SPR absorption spectra are strongly dependent on
the nanoparticle’s geometry, composition, and surroundings. The
origin of this absorption is attributed to collective conduction
band electron oscillations in response to the electrical field of
the incident electromagnetic radiation of light, displacing the
electron cloud from the nuclei. The long-range correlation of
electrons caused by Coulomb forces and the attraction between
positive and negative charges result in a restoring force that
changes the oscillation frequency of the electron cloud with
respect to the positive nuclear background. In metallic particles,
the collective motion of electrons produces surface modes,
whose number, position, and width are determined by the
particle’s shape and variations of its dielectric function.1 This

optical absorption is termed surface plasmon resonance, partly
because net charges are displaced transiently on the particle
surface during electron oscillation.

Different shaped nanostructures possess vastly different
absorption spectra or colors,17-22 which are the result of multiple
SPRs in complex structures, such as nanocages, aggregates, and
nanoprisms that usually have more nondegenerate resonances
than highly symmetric particles and thereby broad overall
absorption spectrum.23 The lower the symmetry the structure
has, the more nondegenerate modes there are. In principle,
almost any shape can be produced, including aggregates,
nanorods, nanowires, nanocages, nanospheres, nanoprisms, and
nanoplates or sheets, as reported in the literature.24-32

In addition to producing particles with nonspherical shapes,
it is also possible to alter the internal structure of a particle to
manipulate their optical properties. Dielectric/metal core/shell
and hollow metal structures are good examples. For instance,
the optical absorption can be managed in hollow nanoparticles
by using different combinations of shell thickness and size
diameter.31 Furthermore, by using the hollow gold nanoparticles
as seeds, it has been demonstrated to be possible to controllably
grow a layer of silver with tunable thickness, resulting in the
generation of unique hollow gold-silver double nanoshells.33

The first thing to note of these double nanoshells is the
significantly shifted and broadened plasmon band that can be
tuned to some extent by controlling silver thickness. The
plasmon absorption changes from predominantly that of gold
to that of silver with increasing the silver coating as the outer
shell. The double nanoshells have shown greatly increased
Raman enhancement over hollow gold nanoparticles due likely
to a combination of the increased overall volume of metal and
the improved enhancement factor of silver over gold as the outer
shell.33 In addition, the unique combination of small size,
spherical shape, as well as strong, tunable, and narrow SPR of
hollow gold nanospheres (HGN or HAuNS) is ideal for
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biomedical applications, as demonstrated successfully recently
in both in vitro and in vivo photothermal ablation (PTA) therapy
of cancer cells.15,16

In this work, an extended Mie theory is developed and
implemented numerically to study metal double nanoshells in
order to gain a better fundamental understanding of the optical
properties of such complex nanostructures. The developed
formalism is used to understand recent experimental data on
the optical absorbance of hollow gold-silver double-shell
nanoparticles. The importance of thickness of both shells and
their diameters in the manipulation of the SPRs is discussed.
The calculated data show excellent agreement with the experi-
mental results. The model developed is expected to be useful
in guiding the development of other complex metal nanostruc-
tures for different applications.

Theory

When a metal particle is subject to the action of an
electromagnetic (EM) field, its electrons start to oscillate,
transforming energy from the incident EM wave into, for
example, thermal energy in a so-called absorption process. The
electrons can also be accelerated, and then they can radiate
energy in a so-called scattering process. In a typical experimental
setup the attenuation by the sum of scattering and absorption
of an electromagnetic wave going through a material is called
the EM extinction. In this work, we consider a system composed
of nanoparticles (NPs) dispersed in a homogeneous medium as
a very dilute system. In the dilute limit, the interactions between
particles are negligible, such that, the extinction of the whole
sample, σext, can be modeled as the optical response of one
immersed NP times the concentration of particles34

σext ) nCext ) n(Cabs +Csca) (1)

where n is the number of particles per unit volume, Cext is the
extinction cross section given by the sum of Cabs and Csca, which
are the absorption and scattering cross sections of a single
particle. In 1908, Gustav Mie found the exact solution to the
Maxwell equations for the optical response of a sphere of
arbitrary size immersed in a homogeneous medium, subject to
a plane monochromatic wave.35 In this case, the optical cross
sections were developed in terms of the electric field and
magnetic vector, which are given in series of the Legendre
polynomials and Bessel spherical functions.34 Here, we extend
the Mie theory to consider a spherical NP composed by an

arbitrary number of shells of different refraction indexes, which
is immersed in a host medium with arbitrary dielectric properties.

Consider a multishell spherical nanoparticle that consists of
N concentric spherical surfaces of external radius Ri. The NP is
immersed in a host medium (for r > RN) with a refraction index
nh. The first shell finishes at r ) R1 and is named the core or
hollow, depending of the kind of NP. The core and the other N
- 1 shells can be made of different materials characterized by
frequency depending refraction indexes ni(ω). A schematic
model of a NP composed by a core and four shells immersed
in a host medium is shown in Scheme 1.

Now, let us consider that the multishell nanoparticle is excited
by a plane electromagnetic wave that is polarized along the x̂
axis and propagates in the direction with θ ) 0. Each region of
the system is described by a radial coordinate variable such that
Ri < r e Ri+1, where r takes values from 0 to ∞, and i ) 0,...,
N + 1, where R0 ) 0, and RN+1 corresponds to a point in the
host medium. Then, the scattered electromagnetic field is given
by

E) ∇ × rΨ(m) - i
k

∇ × (∇ × rΨ(e)) (2)

H)-ni ∇ × rΨ(e) - ni
i
k

∇ × (∇ × rΨ(m)) (3)

where ni is the refraction index of the propagating medium, k
) nω/c is the amplitude of the wave vector, and c is the speed
of light. Here, Ψi

(e) is the Debye potential corresponding to the
transverse magnetic field and Ψi

(m) corresponds to the transverse
electric field. Both potentials satisfy the scalar Hemholtz
equation (7) that have solutions, as shown in the Appendix, of
the following form

Ψi
(e)(r, θ, �))∑

l)1

∞

{al
ihl(kr)+ bl

ijl(kr)}Pl
1(cos θ) cos �

(4)

Ψi
(m)(r, θ, �))∑

l)1

∞

{cl
ihl(kr)+ dl

ijlkr}Pl
1(cos θ) sin �

(5)

where hl ) jl + iyl are the spherical Hankel functions, jl and yl

are the spherical Bessel functions of first and second kind,
respectively, Pl

1 are the associated Legendre Polynomials with
m ) 1, and al

i, bl
i, cl

i, and dl
i, are the coefficients of the

expansions in eqs 4 and 5, which are found by solving the linear
system of equations given by the boundary conditions of the
EM field, as shown in the Appendix.

Then the scattering field characterized by the extinction cross
section Cext is found to be36

Cext )
λ2

2π ∑
l)1

∞

(2l+ 1)Re[Rl + �l] (6)

where the coefficients Rl ) al
N+1/bl

N+1, and �l ) cl
N+1/dl

N+1

correspond to the ratio between the scattered EM field from
the particle in the host medium and the incident EM field.

Thus, we have developed a theoretical model to study the
optical response of a multishell spherical particle of arbitrary
size. Previous work has been developed in this direction to study
this system, like the plasmon hybridization model where the
interaction between surface plasmons can be seen as the
hybridization of the free excitations of the cavity and the
sphere.37 The plasmon hybridization model was developed in

SCHEME 1: Schematic Model of the Concentric
Multishell Spherical Particle
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the quasi-static limit. This means that it can be applied to small
NPs (<40 nm) where light scattering can be neglected. In
contrast, this work does not use such an approximation, so that
our model can be applied to NPs of arbitrary size.

Results and Discussion

Hollow polycrystalline nanospheres can be experimentally
synthesized using a technique called galvanic replacement. As
the metal ions interact with the surface of NPs of another metal,
the metal ions can be reduced into metal while the original metal
nanoparticles are oxidized into metal ions due to their difference
in redox potentials. In the case of the work of Xia et al., silver
particles formed are used as the “template” and gold ions are
added to the solution.38-40 One remarkable feature is that this
approach can be applied to almost any shape of nanostructures
such as hollow rods, spheres, rattles, cubes, and wires.

Recently, a similar approach has been used to produce highly
uniform hollow gold nanospheres (HGN) with tunable optical
properties.31,32 It was possible to tune the plasmon absorption
in the entire visible and near-IR region of the spectrum by
simply controlling the shell thickness and sphere diameter. While
the HGNs are indeed very uniform, they provide relatively weak
surface-enhanced Raman spectra (SERS) signal compared to
solid Ag nanoparticles. Ideally, one would produce hollow silver,
instead of gold, nanospheres to improve their SERS sensitivity.
However, using the galvanic replacement procedure, it is
impossible to produce homogeneous particles. In order to get
around this, recently, it was possible to cap very thin HGNs
with silver using the seed mediate growth method.33

Therefore, we are interested in studying hollow gold-silver
nanospheres immersed in water, as shown in Scheme 2, where
δAg and δAu denote the thickness of the silver and gold shells,
with refraction indexes nAg(ω) and nAu(ω), respectively. The
parameter RHGN give us the radius of the hollow gold NP that
is used as the seed and is coated with silver. The physical model
simulates the recently synthesized NPs,33 whose SPRs were
tuning by changing the parameters: RHGN, δAg, and δAu. Our
purpose here is to find if this model, using the extended Mie
theory, can simulate the general behavior of the experimental
data and to understand the physical origin of the response of
the SPRs. In this work we use the size-corrected refraction
indexes of Ag and Au.1 The experimental data were taken from
ref 41, and the surface damping was introduced according to
Kreibig.42

Surface Plasmons in Hollow Gold-Silver Double-Shell
Nanoparticles. To reproduce the experimental findings in
hollow gold-silver double-shell nanoparticles,33 we consider a
HGN of 14 nm of radius, with a fixed δAu ) 5.5 nm. Then, it
is coated with silver where δAg takes values from 0 to 5.5 nm.
In Figure 1, the calculated extinction cross section of the hollow
gold-silver NP is shown and compared with the experimental
absorbance data from ref 33. The calculated spectrum of the
seed HGN shows a SPR at 560 nm (red line), which is red-
shifted from the one corresponding to a solid gold nanosphere
in water (∼520 nm).31 As δAg increases the SPR of the hollow
gold-silver double-shell NP can be tuned from the HGN
resonance to the silver NP plasmon band, which is at shorter
wavelengths. At the beginning, the SPR of the HGN is blue-
shifted as δAg increases, then at a given size (δAg ∼ 2.5 nm) a
second peak is now evident at about 400 nm. For larger δAg,
the first peak is no longer blue-shifted and reaches a limit at
about 500 nm, while the peak at 400 nm increases as δAg does,
such that, an anisotropic wide peak dominates the spectrum.
The calculations are consistent with the measured absorbance
for HGN as silver is added in 10-20 µL increments from
beginning to end of the coated process.33 The overall behavior
of the experimental data is well reproduced by our calculations.
However, there are discrepancies in the position, width, and
line shape between the calculated and experimental spectra.
These discrepancies can be attributed to several possible factors,
e.g., small changes of the refraction index of the host medium,
approximations made in the theoretical refraction indexes, and
inhomogeneities in the shell thickness, diameter, and morphol-
ogy of the experimental samples that deviate from the theoretical
model used. On a qualitative or semiquantitative level, the
agreement is very good.

The general behavior of the optical properties of metallic
multishell NPs is governed by the interaction of the plasmon
excitations in each nanoshell with both plasmons on the nearest
shells. First, the plasmon of the HGN can be seen as the plasmon

SCHEME 2: Schematic Model of the Hollow
Gold-Silver Double-Shell Nanoparticle Studied Here

Figure 1. Calculated Cext of a hollow gold-silver double-shell
spherical NP immersed in water with RHGN ) 14 nm, varying δAg from
0 to 5.5 nm, and a fixed δAu ) 5.5 nm (top plot). Experimentally
measured absorbance of a HGN of 14 nm radius, with δAg coverage
from 0 to ∼3.5 nm and δAu ∼ 5.5 nm (bottom plot). The experimental
data are reprinted with permission from ref 33. Copyright 2008
American Chemical Society.
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hybridization of the two free excitations of the cavity and the
sphere, as observed in the quasi-static limit case.37 In this limit,
it has been found that the energy and strength of the resulting
plasmon hybridization depend on the aspect ratio (a.r.) of the
Au thickness and the hollow radius, i.e., a.r. ) δAu/RHGN, and
on the energy of the free plasmons, which in turn are given by
the dielectric properties of both hollow and sphere. As smaller
a.r., the plasmon interaction increases shifting the hybridized
resonance to larger wavelengths. This means that it is possible
to tune the optical response of the seed HGN in water or other
host medium by changing, for instance, δAu, and then it is
possible to modulate this SPR by using Ag shells of different
thicknesses, as we show in the following.

Tuning Surface Plasmons in Hollow Gold-Silver Double-
Shell Nanospheres. In Figure 2, Cext spectra for HGNs with
RHGN ) 14 nm, three different δAu ()2.5, 5.5, and 8.5 nm) with
Ag coverage of 0, 1.5, and 4.5 nm are shown. The SPR maxima
of the HGN (red curves) move from 660 to 530 nm by
increasing δAu from 2.5 to 8.5 nm. It is interesting to notice
that even as both the amount of gold and the absorption increase,
the SPR is dependent on the a.r. and is more intense for the
case of smallest a.r. ) 2.5/14 ) 0.178. This is because the
interaction among surface plasmons in both sides of the shell
is stronger for smaller a.r. When the HGN is covered with Ag,
the SPR is blue shifted, the peak is wider, and the absorption
becomes more intense; again due to the interaction between the
plasmons in both sides of the two shells. As δAu becomes
smaller, the blue shift becomes larger. A small peak is observed
at about 700 nm for all the spectra, and it is more visible in the

bottom panel, such that it looks like the SPR is split. However,
this peak is an artifact of the calculation due to the low density
of experimental data from where the dielectric properties of bulk
Au were taken.41

In Figure 2 one can identify three different steps in the
evolution of the SPRs: (i) the interaction of both plasmons on
Au that depends on the thickness of the shell. (ii) The plasmon
interactions between Au and Ag shells that moves the SPR to
shorter wavelengths, reaching a limit around 500 nm. This can
be observed for all the hollow gold-silver double-shell NP
independently of the thickness of the Au shell. However, the
strength of the plasmon interactions between Ag and Au shells
depends on their thickness, in such a way that the peak at 500
nm is more intense for smaller δAu. Finally, at a given Ag
coverage (iii) the interaction of both plasmons on the Ag shell
starts to be present and eventually (with δAg > 3.5 nm)
dominates at wavelengths shorter than 400 nm. Once the SPR
at 500 nm has reached a limit, the other resonance below 400
nm is still growing as δAg increases. The growth of this SPR
associated to the silver shell depends on the thickness of the
Au shell and then on the surface plasmon interactions of both
shells. For instance, for the larger thickness δAu ) 8.5 nm the
interaction with the plasmon on the Au shell is weaker and the
SPR below 400 nm is more intense (top panel). However, as
δAu diminishes, the interaction modulates the strength of the
SPR at 400 nm and for δAu ) 5.5 nm and δAg ) 4.5 nm the
intensities of both Au and Ag shell SPRs are the same, while
for δAu ) 2.5 nm and δAg ) 4.5 nm the SPR at 500 nm still
dominates the spectrum. The interaction of the plamons with
different combination of Ag and Au shell thickness allows us
to tune the SPRs. The variation of the profile of the SPR spectra
can be reasonably described within the plasmon hybridization
model since the light scattering by these NPs is small.37

Shape Effects on the Surface Plasmons in Hollow
Gold-Silver Double-Shell Nanospheres. The growth of
nanoshells induces stress in the inner and outer NP’s faces,
producing HGN and double-shell NPs that are not single
crystals.31,33 While there are single crystal domains, there is
significant twinning when the entire shell is examined closely.
The shell is apparently polycrystalline, as is likely true for most
to date. The same was observed for double-shell NPs,33 where
it is extremely challenging, if possible at all, to produce a shell
that is entirely single crystalline. Structural characterization at
the atomic scale is essential for nanomaterials. Lack of a detailed
structural study can often lead to controversies regarding proper
identification of their properties. To explore the influence of
the structural details, we have calculated the extinction cross
section of an icosahedral double-shell NP. Because of the
complexity of the system, we employ the discrete dipole
approximation (DDA), which has been used to study a wide
variety of nanoparticles.4,23,43 A complete explanation of the
DDA method can be found elsewhere,23 here we only discuss
the results obtained.

In Figure 3, the extinction cross section of a hollow
gold-silver double-shell NP with icosahedral shape is shown.
We consider an initial HGN of 28 nm of diameter with a fixed
shell δAu ) 5.5 nm, and coated with silver, where δAg takes
values from 0 to 5.5 nm. Comparing with the top plot in
Figure 1, where a similar calculation using the extended Mie
theory developed here was done, we observe the following. The
general behavior is the same for both spherical and icosahedral
NPs, although the position, width, and line shape of the spectra
show some differences. For example, the position of the SPR
of the HGN of the icosahedral NP is red shifted with respect to

Figure 2. Calculated Cext of a hollow gold-silver double-shell
spherical NP immersed in water with RHGN ) 14 nm, varying δAg from
0 to 4.5 nm. Top panel with δAu ) 8.5 nm, midpanel with δAu ) 5.5
nm, and bottom panel with δAu ) 2.5 nm.
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that of the spherical NP by about ∼15 nm, being closer to the
experimental value (∼610 nm).33 The SPR is moved to shorter
wavelengths as δAg increases, at the same time that secondary
SPRs appear from 350 to 450 nm, the latter dominate the spectra
for large thicknesses δAg. One important difference between
spherical and icosahedral NPs is that for the later the SPR peak
at longer wavelengths, which is associated to the HGN, does
not reach a limit at 500 nm as for the case of spherical NPs.
The same happens with the second peak associated to the Ag
shell, which does not reach also a limit at 400 nm as for the
spherical NP. This comportment can be attributed to the different
number and position of the SPRs between spherical and
icosahedral NPs, which makes the spectra of icosahedral
morphologies look more anisotropic than those for spherical
NPs.1,23

Notice that the plasmon lifetime as well as the measured SPR
bandwidth can be influenced by the presence of twins in the
NP. For that reason, we have employed again the simple
approximation to take into account this effect by introducing
an effective conduction electron mean free path for a spherical
nanoparticle.42 We should keep in mind that although the
bandwidth depends on the arbitrary shape of the nanoparticle,44

the location of the SPRs does not change.1

Gold-Core Silver-Shell Nanoparticles. To show the versatil-
ity of hollow gold-silver double-shell nanoparticles as com-
pared with similar structures, here we present results for gold-
core silver-shell nanospheres. Two gold-core sizes with different
thicknesses of silver shells were studied. In Figure 4, the
extinction cross section spectra of gold-core silver-shell NPs
are shown for two different sizes of the solid core of 35 (top)
and 48 nm (bottom) and a silver shell of thickness δAg that varies
from 0 to 7 nm. The nanoparticle is immersed in water as before.
As expected when δAg ) 0, the SPR of the solid gold NP is
fixed at about 525 nm for the sizes studied here. In contrast,
the SPR of the HGN can be tuned by varying the thickness of
the gold shell, as shown previously. Now, when a silver shell
is grown over the solid gold core, the original SPR is blue
shifted, and at about 500 nm it reaches its limit again.
Simultaneously, a second SPR emerges at around 380 nm and
becomes more intense as δAg increases. The overall behavior is
similar to that found in hollow gold-silver double-shell NPs,
although the range of accessible wavelengths of the SPRs is
narrower, in particular in red region of the EM spectrum. The
intensities of the SPRs at 400 and 500 nm depend on the solid
core size, as it happens also for the HGN. However, in this
case, as the solid gold core becomes larger, the interaction with
the silver shell is stronger. Again, the aspect ratio between the
core size and the thickness of the silver shell plays an important
role.

Conclusions

An extended Mie theory was developed to study the optical
properties of multiconcentric metallic-shell nanoparticles. The
theory reproduces very well recent experiments of the optical
absorbance of hollow gold-silver double-shell nanospheres as
a function of the silver-shell thickness.33 The optical absorption
is mainly characterized by two surface plasmon resonances. The
first SPR band is due to the seed hollow gold nanospheres. The
position and intensity of this SPR band depend on the aspect
ratio of the hollow and gold shell, with thinner gold shells
corresponding to more red-shifted SPR. The second SPR band
at shorter wavelength is due to the Ag shell on top of the gold
shell, which becomes more intense as the silver shell thickness
increases. The first resonance reaches a limit at a wavelength
that depends on the dielectric properties of both shells, in this
case at 500 nm. The growth rate of the second resonance
depends on both silver and gold shell thicknesses. As the silver-
shell thickness increases, both resonances are close enough and
a wide absorption feature is always observed. Using the discrete
dipole approximation, the optical response of a hollow gold
silver double-shell icosahedral nanostructure is also studied. It
is found that the nanoparticle’s shape is an important factor that
has to be taken into account to clearly identify and understand
the behavior of the surface plasmon resonances in these
multishell nanostructures. It was shown that the extended Mie
theory, to a good approximation, provides a reasonable descrip-
tion of the experimentally observed SPR in a hollow gold-silver
double nanoshells. The numerical calculations are useful to
better understanding key factors that affect the SPR in such
complex structures. These types of multishell spherical metal
nanostructures are promising for applications in SPR detection
and imaging, SERS, sensing, and nanophotonics and for
biomedical applications

Appendix

To find the solutions of the scattered electromagnetic field
of eqs 2, given in terms of the Debye potentials, we have
followed the formalism developed in ref 36 for the calculation

Figure 3. Calculated Cext of a hollow gold-silver double-shell
icosahedral NP immersed in water with different δAg from 0 to 5.5
nm, and δAu ) 5.5 nm.

Figure 4. Calculated Cext of gold-silver core-shell spherical NPs
immersed in water with core diameter of 35 (top) and 48 nm (bottom),
with different δAg from 0 to 7 nm.
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of the optical response of one spherical shell. Here, we
generalized the Mie theory35 by considering a spherical nano-
particle composed by a set of N concentrical spherical surfaces
with radii Ri and different dielectric properties ni, which is
immersed in a host medium, as we have described in section
II. The independent Debye potentials Ψ(e) and Ψ(m) satisfy the
scalar Hemholtz equation

∇ 2Ψi
(e⁄m) + k2Ψi

(e⁄m) ) 0 (7)

which has solutions that can be written as the sum of spherical
harmonic multipolar functions

Ψi(r, θ, �))∑
l)0

∞

∑
m)-l

l

{Al,m
ihl(kr)+Bl,m

ijl(kr)}Pl
m(cos θ)eim�

(8)

with i ) 1,..., N, and where hl ) jl + iyl are the spherical Hankel
functions and jl and yl are the spherical Bessel functions of the
first and second kind, respectively. For example, consider a plane
wave that propagates in the θ ) 0 direction and is polarized
along θ ) 90° and � ) 0° direction, such that, the harmonic
function expansions of its Debye potentials are

Ψ(e)(r, θ, �))∑
l)1

∞

il-1 2l+ 1
l(l+ 1)

jl(kr)Pl
1(cos θ) cos � (9)

Ψ(m)(r, θ, �))∑
l)1

∞

il 2l+ 1
l(l+ 1)

jl(kr)Pl
1(cos θ) sin � (10)

The electromagnetic field in eqs 2 and 3 must satisfy the
boundary conditions at each surface of radius Ri with i ) 1,
2,..., N, i.e.

(E(i) -E(i+1)) × êr ) (H(i) -H(i+1)) × êr ) 0 (11)

where êr is the unitary vector along the radial direction in
spherical coordinates. The above equations give us the boundary
conditions on the Debye scalar potentials, which consist in the
continuity of the functions for the magnetic potential

ni
2(ω)Ψi

(e) and
∂

∂r
[rΨi

(e)] (12)

and for the electric potential

Ψi
(m) and

∂

∂r
[rΨi

(m)] (13)

These boundary conditions relate the coefficients of the potential
of the ith shell with all the interior shells. Thus, one obtains a
set of four equations for the ith spherical surface, which have
the following form

al
i	l(kiRi)ki + bl

i
l(kiRi)ki - al
i+1	l(ki+1Ri)ki+1 -

bl
i+1
l(ki+1Ri)ki+1 ) 0 (14)

al
i	l′(kiRi)+ bl

i
l′(kiRi)- al
i+1	l′(ki+1Ri)-

bl
i+1
l′(ki+1Ri)) 0 (15)

cl
i	l(kiRi) ⁄ ki + dl

i
l(kiRi) ⁄ ki - cl
i+1	l(ki+1Ri) ⁄ ki+1 -

dl
i+1
l(ki+1Ri) ⁄ ki+1 ) 0 (16)

cl
i	l′(kiRi)+ dl

i
l′(kiRi)- cl
i+1	l′(ki+1Ri)-

dl
i+1
l′(ki+1Ri)) 0 (17)

where we have defined 	l(x) ) xhl(x) and 
l(x) ) xjl(x), with
the prime meaning the derivative with respect to the argument
of the function, and al

i, bl
i, cl

i, and dl
i are the coefficients of the

sums given in eqs 4 and 5. Then, one obtains a linear system
of 2N - 1 equations with 2N unknown coefficients for each
pair of indexes (l, m). Finally, one solves the coefficients
considering the orthogonality of the harmonic functions and in
terms of the incident EM plane wave. For this, we have taken
into account that in the case of well-behaved EM fields, the
coefficients dl

1 and bl
1 should be zero at the origin of our

coordinate system, while in the host medium, i.e., in r > RN,
the coefficients bl

N+1 and dl
N+1 correspond to those of the

incident EM wave, while al
N+1 and cl

N+1 correspond to the
scattered ones. Then, one finally arrives at the expression for
the extinction cross section given in eq 6, which can be solved
numerically for a NP composed by an arbitrary number of shells.
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